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Introduction  
Throughout this paper, all groups are finite. Let 
K H G≤ ≤  and A G≤  where K  is normal in H .  
Then A  covers the factor H K/  if ( )A H K H∩ =  
and A  avoids  the factor H K/  if A H K∩ ≤ .  A 
subgroup H  is called a CAP -subgroup of G  [1] 
provided H  either covers or avoids every chief 
pd -factor of G.   
It is well-known that the class of supersoluble 
groups is characterised as the class of all groups 
such that every subgroup has the cover and avoid-
ance property. But we can wonder whether or not 
the group is supersoluble if the CAP -property of the 
members of some more restricted families of sub-
groups is assumed. The paper [2] confirms this 
claim. If all maximal subgroups of the Sylow sub-
groups of a group have the cover-avoidance prop-
erty, the group is supersoluble. In this paper we give 
new criteria of p-supersolubility on the base of the 
following concept.  
Definition 0.1. Let A be a subgroup of a group 
G,  p be a prime. Then we say that  
(1) A is a pCAP Φ -subgroup of G  if A either 
covers or avoids every non-Frattini chief pd-factor 
of G.  
(2) A is a partial pCAP Φ -subgroup of G if A ei-
ther covers or avoids every non-Frattini pd-factor of 
some chief series of G.  
 
1 Preliminaries  
A group G  is said to be a pd -group provided 
p  divides G| | .  We say that a chief factor H K/  of 
a group G  is Frattini if ( )T L G L/ ≤ Φ / .   
The following lemmas will be used in the pa-
per.  
Lemma 1.1. Let E G≤ ,  p  be a prime and N  
a normal subgroup of G.  If E  be a pCAP Φ -sub-
group of and either N E≤  or ( ) 1E N| |,| | = ,  then 
EN N/  is a pCAP Φ -subgroup of G N/ .    
Proof. Let ( ) ( )H N K N/ / /  be any non-Frattini 
chief pd -factor of G N/ .  Then H K/  be any non-
Frattini chief pd -factor of G N/ .  Hence, by hy-
pothesis, E  either covers or avoids the factor H K/ ,  
so in the case, where N E≤ ,  the lemma is true. 
Now suppose that ( ) 1E N| |,| | = .  First assume that 
E  covers the factor H K/ ,  that is, EH EK= .  Then 
NEH NEK=  and  
( )( ) ( )( )NE N H N NE N K N/ / = / / .  
Hence EN N/  covers the factor ( ) ( )H N K N/ / / .  Fi-
nally, assume that E  avoids the factor H K/ ,  that is, 
E H K∩ ≤ .  Let N  be a π -group. Since 
( ) 1E N| |,| | = ,  it follows that E  is a Hall π ′ -sub-
group of NE.  Let D NE H= ∩ .  Then 
( )( )D N H E H= ∩ ∩ .  Since N K≤  and 
E H K∩ ≤  we have D K≤ .  Hence EN N/  avoids 
the factor ( ) ( )H N K N/ / / .  The lemma is proved.  
Lemma 1.2 (see [3]). Let P  be a nilpotent 
normal subgroup of a group G.  If ( ) 1P G∩Φ = ,  
then P  is a direct product of some minimal normal 
subgroups of G.   
Lemma 1.3. Let N  be a non-identity normal 
p -subgroup of a group G.  If ( ) 1N G∩Φ =  and 
every maximal subgroup of N  is pCAP Φ -subgroup 
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of G,  then some maximal subgroup of N  is normal 
in G.    
Proof. By Lemma 1.2, 1 tN N … N= × × ,  where 
( )iN GΦ  is a minimal normal subgroup of G  for all 
1i … t= , , .   
Let L  be a minimal normal subgroup of G  
contained in N .  Suppose that L N≠  and let T L/  
be a chief factor of G,  where T N≤ .  If  
( )T L G L/ ≤ Φ / ,  
then by [1],  
( ( ))T L T G L= ∩Φ = ,  
a contradiction. Hence ( )T L G L/ Φ / .  
Therefore by Lemma 1.1 the hypothesis holds 
for G L/ ,  so by induction some maximal subgroup 
M L/  of N L/  is normal in G.  Hence M  is normal 
in G  and maximal in N   
Now suppose that N L= .  Let M  be any 
maximal subgroup of N .  Then since M  does not 
cover 1N / ,  1M = .  The lemma is proved.  
Recall that a subgroup H  is said to be primi-
tive [4] or meet-irreducible [5] in G  if whenever  
1 nH X … X= ∩ ∩ ,  
for some subgroups 1 nX … X, ,  of G,  then iH X=  
for some i.  This is equivalent to say that H  is a 
proper subgroup of the intersection of all subgroups 
of G  which contain properly H .   
Lemma 1.4 (see [4]). Let G be a group.   
(1) Every subgroup of G  is the intersection of 
some meet-irreducible subgroups of G .  
(2) Let H  be a subgroup of G  and K  a meet-
irreducible subgroup of H .  Then there exists a 
meet-irreducible subgroup X  of G  such that 
K H X= ∩ .   
(3) Suppose that H  is a subgroup of G  and 
N  is a normal subgroup of G  such that N H≤ .  
Then H  is a meet-irreducible subgroup of G  if and 
only if H N/  is a meet-irreducible subgroup of 
G N/ .   
 
2 Criteria of p-supersolubility of groups  
Theorem 2.1.  Let G  be a group, p  a prime. 
Then the following are equivalent:   
(1) G  is p -supersoluble.   
(2) Every subgroup of G  is a pCAP Φ -subgroup 
of G.   
(3) G  is p -soluble and G  has a normal sub-
group E  with p -supersoluble quotient G E/  such 
that every maximal subgroup of every Sylow p -sub-
group of E  is a pCAP Φ -subgroup of G.   
(4) G  is p -soluble and every meet-irreducible 
subgroup with order divisible by p  of every maxi-
mal subgroup of G  is a pCAP Φ -subgroup of G.    
(5) G  is p -soluble and G  has a normal sub-
group E  with p -supersoluble quotient G E/  such 
that every maximal subgroup of every Sylow p -sub-
group of ( )p pO E′,  is a pCAP Φ -subgroup of G.    
Proof. The implications (1) ⇒  (2), (2) ⇒  (3), 
(2) ⇒  (4), (5) ⇒  (5) are evident.  
(3) ⇒  (1) Suppose that this assertion is false 
and consider a counterexample for which G| |  is 
minimal. Let N  be a minimal normal subgroup of 
G  contained in E.  Since G  is p -soluble, N  is 
either a p -subgroup or p′ -subgroup. Note that the 
hypothesis is still true for G N/  by Lemma 1.1, so 
G N/  is p -supersoluble, by the choice of G.  Hence 
N  is the only minimal normal subgroup of G  con-
tained in E,  p  divides N| |  and N p| |≠ .  Since G  
is not p-supersoluble, it follows that N  is a p-group 
and so N P≤  where P  is a Sylow p -subgroup of 
E.  Besides, since the class of the p -supersoluble 
groups is a saturated formation, ( )N GΦ .  Thus for 
some maximal subgroup V  of P  we have P VN= .  
Moreover, for some maximal subgroup M  of G  we 
have [ ]G N M= .  Let ( )GC C N= .  Then GC NM= ,  
so [ ]( )GC E N E M∩ = ∩ .  It follow that  
( ) ( )E pC N N O E= = .  
Since by hypothesis V  is a pCAP Φ -subgroup of G  
and P VN= ,  1V N| ∩ |= ,  which implies N p| |= ,  
so G  is p -supersoluble. This contradiction com-
pletes the proof of the implication.  
(4) ⇒  (1) Suppose that this implication is 
false and let G  be a counterexample with minimal 
order. Let N  be a minimal normal subgroup of G.  
Then G N/  satisfies (4) by Lemma 1.1. Hence G N/  
is p -supersoluble by the choice of G.  Hence N  is 
a p -group and N p| |> .  Let N M≤  and E N≤ ,  
where M  is a maximal subgroup of G  and E  is a 
maximal subgroup of N .  Then E  is a meet-
irreducible subgroup of N .  By Lemma 1.4 for some 
meet-irreducible subgroup X  of M  we have 
E X N= ∩ .  Clearly the order of X  is a multiple of 
p. Since the class of all p-supersoluble groups is a 
saturated formation, N is the only minimal normal 
subgroup of G  and ( )NPhi G .  Hence by Condition 
(4), X  either covers or avoids 1N / .  But since 
N p| |> ,  1E ≠ ,  so 1X N∩ ≠ ,  which implies 
N N X M= ∩ = ,  a contradiction.  
(5) ⇒  (1) Suppose that this is false and con-
sider a counterexample for which G E| || |  is mini-
mal. Then  
(a) ( ) 1pO E′ = .   
Let ( ) 1pD O E′= ≠ .  Then  
( ) ( )p p p pO E D O E D′ ′, ,/ = /  
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and the hypothesis holds for ( )G D E D/ , /  (see the 
froof of (3) ⇒  (1)). Hence by the choice of ( )G E, ,  
G D/  is p -supersoluble and so G  does, which con-
tradicts the choice of G.   
(b) ( )p pO E′,  is a p -group and  
( ) ( ) 1p pG O E′,Φ ∩ = .  
The first statement is a corollary of (a). Now 
suppose that  
( ) ( ) 1p pD G O E′,= Φ ∩ ≠ .  
Then  
( ) ( )p p p pO E D O E D′ ′, ,/ = / ,  
by [7], so the hypothesis holds for ( )G D E D/ , / ,  
which implies the p -supersolubility of G,  a contra-
diction.  
(c) Every subgroup of ( )p pO E′,  with prime or-
der is not normal in G .  
Suppose that ( )p pO E′,  has a subgroup L  such 
that L p| |=  and L  is normal in G.  Let ( )GC C L= .  
We shall show that the hypothesis holds for 
( ( )EG C L, .  It is clear that ( )EG C L/  is p -super-
soluble and  
( ) ( )p p EO E C L′, ≤ .  
Hence  
( ( )) ( )p p E p pO C L O E′ ′, ,= ,  
so the hypothesis holds for ( ( )EG C L, .  It follows that 
( )EE C L≤ .  Hence  
( ) ( )p p p pO E L O E L′ ′, ,/ = /  
and the hypothesis holds for ( )G L E L/ , / .  Therefore 
G L/  is p -supersoluble, which implies the p -super-
solubility of G,  a contradiction.  
Final contradiction. Let ( )p pP O E′,= .  Then by 
(b), P  is a p -group and P  is normal in G.  Be-
sides, by (b) and [3], P  is the direct product of 
some minimal normal subgroups of G.  Hence by 
Lemma 1.2, P  has a maximal subgroup M  such 
which is normal in G.  Now by [1] for some minimal 
normal subgroup L  of G  contained in P  we have 
L p| |= ,  which contradicts (c).  
We say that A  is a (partial) CAPΦ -subgroup 
of G   if A  is a (partial) pCAP Φ -subgroup of G  for 
all primes p.   
From Theorem 2.1 we get  
Theorem 2.2.  Let G  be a group. Then the fol-
lowing are equivalent:   
(1) G  is supersoluble.   
(2) Every subgroup of G  is a CAPΦ -subgroup 
of G.   
(3) G  is soluble and G  has a normal sub-
group E  with supersoluble quotient G E/  such that 
every maximal subgroup of every Sylow subgroup of 
E  is a CAPΦ -subgroup of G.   
(4) G  is soluble and every meet-irreducible 
subgroup of every maximal subgroup of G  is a 
CAPΦ -subgroup of G.    
(5) G  is soluble and G  has a normal sub-
group E  with supersoluble quotient G E/  such that 
every maximal subgroup of every Sylow subgroup of 
( )F E  is a CAPΦ -subgroup of G.    
From Theorem 2.2 we get  
Corollary 2.1 (Srinivasan [6]). Let G  be a 
group. If G  G  has a normal subgroup E  with su-
persoluble quotient G E/  such that every maximal 
subgroup of every Sylow subgroup of E  is normal 
in G,  then G  is supersoluble.  
Proof. It is not difficult to show that G  is solu-
ble. Hence we may use Theorem 2.  
Corollary 2.2 (Ezquerro [2]). Let G  be a 
group. If G  G  has a normal subgroup E  with su-
persoluble quotient G E/  such that every maximal 
subgroup of every Sylow subgroup of E  is a CAP -
subgroup of G,  then G  is supersoluble.  
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